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A SINGULAR LIMIT PROBLEM FOR CONSERVATION LAWS 
RELATED TO THE ROSENAU EQUATION 

GIUSEPPE MARIA COCLITE AND LORENZO DI RUVO 


Abstract. We consider the Rosenau equation, which contains nonlinear dispersive effects. We 
prove that as the diffusion parameter tends to zero, the solutions of the dispersive equation 
converge to discontinuous weak solutions of the Burgers equation. The proof relies on deriving 
suitable a priori estimates together with an application of the compensated compactness method 
in the L p setting. 


1. Introduction 

Dynamics of shallow water waves that is observed along lake shores and beaches has 
been a research area for the past few decades in oceanography (see mm)- There are 
several models proposed in this context: Korteweg-de Vries (KdV) equation, Boussinesq 
equation, Peregrine equation, regularized long wave (RLW) equation, Kawahara equation, 
Benjamin-Bona-Mahoney equation, Bona-Chen equation etc. These models were derived 
from first principles under various different hypothesis and approximations. They are all 
well studied and very well understood. 

The dynamics of dispersive shallow water waves, on the other hand, is captured with 
slightly different models, like Rosenau-Kawahara equation, Rosenau-KdV equation, and 
Rosenau-KdV-RLW equation [21 HI1 CE2J CD2 C]- 
The Rosenau-KdV-RLW equation is 

( 1 . 1 ) d t u + ad x u + kd x u n + bidz XX u + b 2 df xx u + cdt xxxx u = 0, a, k, bi, 62 , c € R. 

Here u(t, x) is the nonlinear wave profile. The first term is the linear evolution one, while 
a is the advection or drifting coefficient. b± and 62 are the dispersion coefficients. The 
higher order dispersion coefficient is c, while the coefficient of nonlinearity is k where n is 
nonlinearity parameter. These are all known and given parameters. 

In [El, the authors analyzed (11.11) . They got solitary waves, shock waves and singular 
solitons along with conservation laws. 

Considering the n = 2, a = 0, k = 1, b\ = 1, 62 = —1, c = 1: 

(1.2) d t u + d x u 2 + d xxx u - d\ xx u + d\ xxxx u = 0 . 

If n = 2, a = 0, k = 1, b\ = 0, 62 = —1, c = 1, (11.11) reads 

(1.3) d t u + d x u 2 - df xx u + d\ xxxx u = 0, 

which is known as Rosenau-RLW equation. 

Arguing in [7], we re-scale the equations as follows 

(1.4) d t u + d x u 2 + pdl xx ii - Pd1 xx u + (3 2 d% xxxx u = 0, 

(1.5) d t u + d x u 2 - [3d'f xx u + (j 2 tf xxxx u £ ^ = 0, 
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where f3 is the diffusion parameter. 

In [3], the authors proved that the solutions of ED and (11.51) converge to the unique 
entropy solution of the Burgers equation 

(1.6) dtu + d x u 2 = 0. 

Choosing n = 2, a = 0, k = 1, f >2 = &i = 0, c = 1, (11.111 reads 

(1.7) dtu + d x u 2 + d\ xxxx u = 0, 

which is known as Rosenau equation (see Ha Em). The existence and the uniqueness of 
the solution for (11.711 has been proved in [16]. 

Finally, if n = 2, a = 0, k = 1, b\ = 1, 62 = 0, c = 1, (11.111 reads 

( 1 . 8 ) d t u + d x u 2 + dl xx u + d\ xxxx u = 0 , 
which is known as Rosenau-KdV equation. 

In [23], the author discussed the solitary wave solutions and (|1.8H . In [12], a conser¬ 
vative linear finite difference scheme for the numerical solution for an initial-boundary 
value problem of the Rosenau-KdV equation is considered. In [10], 18] , authors discussed 
the solitary solutions for (I1.8H with solitary ansatz method. The authors also gave the 
two invariants for (11.811 . In particular, in [18], the authors studied two types of soliton 
solutions: a solitary wave and a singular soliton. In [22], the authors proposed an aver¬ 
age linear finite difference scheme for the numerical solution of the initial-boundary value 
problem for ([1.811 . 

In this paper, we analyze ED. Arguing in [7], we re-scale the equations as follows 

(1.9) d t u + d x u 2 + P 2 dl xxxx u = 0. 

We are interested in the no high frequency limit, we send [3 —> 0 in (11.91) . In this way 
we pass from (11.911 to (11,61) 

We prove that, as (3 —>• 0, the solutions of converge (11.911 to the unique entropy solution 
of (11.611 . 

In other to do this, we can choose the initial datum and (3 in two different ways. 
Following ]2J Theorem 7.1], the first choice is the following (see Theorem ED: 

(1.10) uq E L 2 (R), /3 = o (e 4 ) . 

Since ||-|| L 4 is a conserved quantity for (11,91) . the second choice is (see Theorem 13.111 : 

(1.11) u 0 <E L 2 (R)nL 4 (M), /3 = 0(e 4 ). 

It is interesting to observe that, while the summability on the initial datum in (11.111) is 
greater than the one in ( 11 . 1011 . the assumption on (3 in ( 11 . 111 ) is weaker than the one in 

(fLlOl) . 

From the mathematical point of view, the two assumptions require two different argu¬ 
ments for the L°°— estimate (see Lemmas 12.21 and 13.Ill . Indeed, the proof of Lemma 12.21 
under the assumption (11.1011 , is more technical than the one of Lemma 13.11 

The paper is organized in five sections. In Section [2] we prove the convergence of (11.911 
to (11.611 in the L p setting, with 1 < p < 2. In Section [3] we prove the convergence of 
ED to (11.611 in the L p setting, with 1 < p < 4. Sections |A] and [B] are two appendixes, 
where, choosing the initial datum in two different ways, we prove that the solutions of 
the Korteweg-de Vries equation converge to discontinuous weak solutions of (11.61) in the 
L p setting, with 1 < p < 2. 
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2. The Rosenau equation: u 0 e L 2 (K) 

In this section, we consider (11.911 . and assume (11.101) on the initial datum. 

We study the dispersion-diffusion limit for (11.91) . namely we send /3 —>- 0 and get m- 
Therefore, we fix two small numbers 0 < e, j3 < 1 and consider the following fifth order 
problem 

( 2 f d t u £ ,p + d x u\p + ff 2 df xxxx u £i p = edl x u ei p, t > 0, x € R, 

\«e^(0,x) = u £t p t0 (x), x € R, 

where u Si p t o is a C°° approximation of uq such that 

u e,/3,o u o in £? oc W, 1 < p < 2, as e, f3 -A 0, 

(2.2) ||' w e,/3,o|| z, 2(]R) + e ) II^ 3;,U ' £ >' S ’ 0 IIt 2 (R) — G)> > 0 

(/3 2 + /3e 2 ) ll^u^oll^^ +/3§ < Co, e,/3 > 0, 

and Co is a constant independent on e and /3. 

The main result of this section is the following theorem. 

Theorem 2.1. Assume that (11.101) and (12.21) hold. Fix T > 0, if 

(2.3) /3 = C (e 4 ) , 

then, there exist two sequences {e n }neN, {AijneN, with £ n ,Pn —>• 0, and a limit function 

u € L°°((0, T); L 2 (R)), 

such that 

i ) u ejl! p n —>• u strongly in L v loc f R + x R), /or each 1 < p < 2, 
ii) u is a distributional solution of m- 
Moreover, if 

(2.4) p = o (e 4 ) , 
in) u is the unique entropy solution of (HD- 

Let us prove some a priori estimates on u £ r, denoting with Co the constants which 
depend only on the initial data. 

Arguing as [3, Lemma 2.1], we have the following result. 

Lemma 2.1. For each t > 0, 

pt 

(2.5) \\u £ ^(t, •) ||^ 2 (i^) + /? ||^e£ W £,/3(^ ') ||l 2 (R) ^ J \\dx u £,(3( s '> *) IIl 2 (R) — ^0* 

Lemma 2.2. Fix T > 0. Assume (12.31) holds. There exists Co > 0, independent on e, /? 
sac/i that 

(2-6) ll^£,hll,L oo ((0,T)xR) — Co/5 4 - 

Moreover, 

i) the families {^d x u £ ^} £) p, {/3^ed x u £ ^} £j g, {f5i£d 2 x u £t p} £> p,{/3^d^ xx u £} p} £j p, 
are bounded in L°°((0, T); L 2 (R)),- 

**) the families {/3*£i d? x u £t p} £t p, {P z £^df xxx u £ ^} £ ^, {pzed t u £ j 3 } £t/3 , 
{f34£2df xx u £t p} £j p, {fit£ 2 d xx u £} p } £)i a are bounded in L 2 ((0, T) x R). 
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Proof. Let 0 < t < T. Multiplying (12.111 by —f 32 d xx u £t p — fj£df xx u e ,p + edtu £i p, we have 

P 2 d. xx u £,/3 P £ -&txx u £,P P £&t u £ ,P^ dtU £ ft 

+ 2 <%x u e,p - P £d txx u e,0 + £dtu e ,p) U £} pd x U £ fi 


(2.7) 


+ P [~P 2 d xx u e,P - P ed txx u £, 


r\ 5 

™tXXXX^£-.P 


We observe 


( 2 . 8 ) 


Since 


= £ (~P 2 dLu £if) - pedl xx u £ fi + ed t u £ ^ £% x u £tP . 

J ^ (-P^d%x u e,p - P £ &txx u e,p + £d t u S) pj d t u £j pdx 

= ~2~dtt ^ xUe ’P^"> OUl^M) + P £ \\^tx u £,p(^i Oll^gg) 

+ £ II dtU £t p(t, •) ||^2( R ) ■ 


P 2 ^XX U £,P P £ ^tXX U £,P "L £ ^t U £,PJ U £,pdx U £,P 
= -2/3^ / u E fid x u £i pdl x u E fidx - 2/3e / u £t pd x u £t pdf xx u £t pdx 

it JR 

+ 2e / u £y pd x u £y pd t u £i pdx, 

Jr 

P 2 / (-P*fi% x u e) p - fJedl xx u £) p + edtu £t pj d% xxxx u £j pdx 

J R 


pi d 


2 dt ''^® xxxU£ ’P^"’ -)|L=(R) P £ || ^txxx u £,p(fi •)|| L 2 (R ) + P e ll^txx^e.M^’ ' ) 11 £2 > 

-p^d 2 xx U£,p - Ped? xx u E ,p + ed t u £t p ) d 2 xx u E ,pdx 


~ P 2£ \\^xx u £,p('t,-)\\ L 2^ ^ ^ ||^xx u e,/9(*> ')|L2( K ) 2 dt ’) H Z, 2 (M) • 

Integrating (12.711 on R we have 

d ( pi + e 2 


e 2 d 


pi 


dt 


+ 


/3e 2 d 
2 dt 


u £,p(fi ')IIl 2( R ) + 2 II^Lx^e,^) ■) llz, 2 (M) ) 

\\^xx u £,p(^^ ')||l2( R ) + P £ II 9 tx U £) p(t, •)||x,2( K ) 


(2.9) 


+ /3 £ ||^txxx^ej/3(^) )|Il 2 (R) P 2£ ||^xx^L:,/3(^> ")|Il 2 (R) 

+ £ \\dtU £ ,p(t, -)||^2( R ) + P £ ||^ta:x' ll £,/3(^) ‘)||i2( R ) 

2 pi u £t pd x u £t pd 2 x u £ ,pdx + 2(3 e / u E j i d x u £ ,pdf xx u £ ^pd/x 

J R J R 

- 2£ / u E> pd x u £} pd t u £} pdx. 

Jr 
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Due to (12.31) and the Young inequality, 

20* / \u £ fi\\d x u et fs\\dl x u £ fi\dx = ft 

J R 


2 u ej pd x u £j f) 


\£dl x Ue,p\dx 


J^ u lp(d x u e ,p) 2 dx + ^ \\dl x u £j p{t,-)\\ 2 L2(R) 

— II' u £,/3|Iz / oo( ( 'o i t)xR) \\dxUe,p(t, ") lli, 2 (M) "+ ')|Il 2 (R) ■ 

2 P e / W,p\\ d * U eA\ d t X x u e,(}\dx = £ / 121^0*1^110^.^1(2® 

(2.10) Jr Jr 

— 2 ej u £ ^(d x u £) p) dx 4 — ') 1 1Z/ 2 (r.) 

— ll U £>^Hl,°°((0,T)xK) ll0z n e,/3(^ ') II Z, 2 (M) "+ ||^txx u e,0(^) ')||_L2( R ) > 

e / |2Lt £) ^||5a;Lt £) y3||9iLt £j ^|(ix < 2e / u £ o{d x u £t /j)^dx + — ||<9fii £ii g(t, Oil/, 2 ®) 
Jr Jr ^ v ; 

— H U £^IIl°°(( 0 ,T)xR) ll^ u e,^(*> ')IIl 2 (R) + 9 Il^t u e,y 8 (*> ') 11Z , 2 (M) ' 

From (12.91) and (12.101) we gain 

^ f 2 ')IIl 2 (R) + ||0xxx u e,/3(*> ') 11 Z, 2 (R) 


, P £2 d II q2 

+ — * IK’ 


£ >d(C ') 11 Z.2 (R) + 2 ||dix“e,/3(£, -)||l2(R) 


a 2 2 

+ /3 e || df xxx u £} fj(t, ■)11X/ 2 (M) -J- II 9 L^,/j(^-)|| L 2 (r) 

+ 2 \\dt u £ ,/3(ti ')IIl 2 (R) ^txx u e,p{ti ') 11L 2 (R) 

— ^0 £ H U £>/3Hl°°((0,T)xR) \\®x u e,P(t, -)IIl2( R ) • 

An integration on (0 ,t), (12.21) and (|2.5I) give 

1 2 5 

2 l|9a-U £)/ 3(t, ')IIL 2 (R) + \\dxxx u e,p(t, -)|| L 2( R ) 

/3e/ ' t „« a - - ^" 2 d S 


+ 2 ll a xx^,/3(i,-)|| L 2 (R) + 2 ^ ll^x W £,M S ’')|| L 2 ( R ) 


( 2 . 11 ) 


2 

+ /3 3 e 
£ 


“ -j u 

J o \\ d fxxxUeA s r)\\ 2 L 2 {R) ds + ^ l\dl x u £ As,-)\\ 2 L 2 ( 

rt ft 2 

2 Jq ')Hl 2 (r) ^ 2~ J 0 W^x u £,p (^^') 11 z, 2 ( R ) d s 

< Co + Coe ||u £)i a|| L(X >((o )T )xR) \\d x U£,p( s , Oilz, 2 ( R ) d s 

< Cq (l + 11 ^£,/311 X/°° ((0,T) xR ) ^ • 
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U c 


We prove (12.61) . Due to (12.51) . (12.111) and the Holder inequality, 

■ 2 :/3 (t,x)= 2 / u et pd x u e> pdx < 2 / \u £! p\\d x u e> p\da 
•7—00 J ]R 

—2 || u e> f}(t, •)|||| dxU e ,f}(t, ■)||^2^ 

-C 0 


<^f ^/c-o + c-oK^n; 


U £,/3|Il°°((0,T)xK) — (l + II u £,/3IIl°°((0,T)xK) 

P 2 


lL°°((0,T)xR) 

/j- 

that is 

( 2 . 12 ) 

Introducing the notation 

(2-13) y = ||'Ue,/3|li<x.(( 0 ,T)xR) > <^ = P 2 - 

(12.121) reads 

Arguing as [5j Lemma 2.3], we have 

(2.14) y<C 0 5-?. 

(12.61) follows from (12.13|) and (12.141) . 


(12.61) and (12.111) give 

P^ + £ 2 


Pf 


2 \\d X U £> p(t, ‘ ) 11 Z, 2 (M) + 2 \\^xxx u e,y(tj ')|| l 2 ( R ) 

+ \\dxx u e,p(ti ■)||l 2 ( K ) + - 5 - f )|Il 2 (R) ^ 


+ P 3 e [ \\df xxx u £tP (s,-)\\ 2 L2m ds + ^ [ 


+ 


II^XO c U £,p( S ’ ■) ||Z, 2 (JEE) 


\\dtu £) p(s : •) || Z/ 2 (m) d s P" 2 /llWV)|| w -.<CbP 2 j 


that is 


^ + ^ 2£ 11 Q c u £i/3 (t, -)II| 2(R) + y ||pLx^a(p Olkro 


+ ||C^a(P ") 11 (R) + ^ l ’)IIl 2 (r) 

+ ^ 2£ I H^ a:a:a: '^ e ’^ a ’ "^Hl 2 (R) ^ ^ 2 " j II ’) || L 2 (R) ^ 

+ ^yJ 0 II^ U£ ^( S ’')Hl 2 (R ) ds + ^rj 0 PtxxUeA^^Wl^^ds <C 0 . 


P 2 ||5 x u e)/ g(i, ■)IIZ/2 (m) 

P 3 £ ||9 x M Ej/ 8(i, 0 II Z/2(M) — ^Oj 

P^ ||C^(V)|| L 2 (K) <<Po, 


Hence, 
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\\dxx u £,p(t’ ') 11 Z,2 (R) < C 0, 

3 /'< r) 2 

J \\ d txUeA s ’-)\\ L 2 m ds <C 0 , 

7 f t d 2 

/?2£ / — Cl); 

nt ^ 

y ||^^ £ ,/3|| L 2 ((m) <C 0 , 

£ J || dtu £} p(s, •) ||ds <Co, 
r ^ 

fi 2 & J )|Il 2 (E) ^ —^ 0 ’ 

for every 0 < t < T. □ 

To prove Theorem 12.11 The following technical lemma is needed [15j. 

Lemma 2.3. Let fi be a bounded open subset o/M 2 . Suppose that the sequence {/^Ing^ 
of distributions is bounded in VL _ 1 ,oo (0). Suppose also that 

J--n — hL\ n L.2,m 

where {Tpn^eN /*es in a compact subset of and {£ 2 ,n}neN ^es in a bounded 

subset of Mi oc (Ll). Then lies in a compact subset of H/^Ll). 

Moreover, we consider the following definition. 

Definition 2.1. A pair of functions ( rj,q ) is called an entropy-entropy flux pair if 
rj : R —>• M is a C 2 function and q : M —>• M is defined by 

q(u) = 2 [ £j/(f)df- 
■Jo 

An entropy-entropy flux pair (rj, q ) is called convex/compactly supported if, in addition, rj 
is convex/compactly supported. 

We begin by proving the following result. 

Lemma 2.4. Assume that (ll.lOp . (12.21) and (12.31) hold. Then for any compactly sup¬ 
ported entropy-entropy flux pair (rj, q), there exist two sequences (e n }neN) {AijreeN? with 
e n , fin —> 0 , and a limit function 

u € L°°((0, T); L 2 (M)), 

such that 

(2.15) u e n ,Pn^ u in L^ oc ((0,T) xR), for each 1 < p < 2, 

(2.16) u is a distributional solution of (11.61) . 

Proof. Let us consider a compactly supported entropy-entropy flux pair ( 77 , q). Multiply¬ 
ing ( 12 . 11 ) by rj\u e ,p), we have 

dtv(u £ ,p) + d x q(u £) p) =er\ {u e fi)dl x u efi + fl 1 /{u £ ^)d\ xxxx u £ ^ 

= d\, e, p + J-2, e, /9 + h,e,P + -^ 4 , e, /3 1 
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where 


(2.17) 


Il,e,/3 — dxisT] {u St fj')d x U £ ^'), 

-?2 ,e,/3 i^ , e,p){px'^e,p') 1 

I'3,£,/3 9 x {P T) {u et fj)d- txxx U £ ^\ 

^4,e,/3 flV { u e,f))^x u £,fidtxxx u e,f)- 

Fix T > 0. Arguing as [61 Lemma 3.21, we have that I\ e B 0 in H~ 1 ((0, T) x M), and 
{A e ,rf «,„>0 is bolded in D((0.T)i M). 

We claim that 

h,£,p “^0 in iL _ 1 ((0, T) x M), T > 0, as e —>• 0. 

By (12.31) and Lemma [2721 

11 ^ h ^ Ue ^^txxx u £,^i2^Q^)y.9.) 

<P 4 \W\\ r. 


11 ^txxx U£ A\l 2 ((0,T)x1 


— II 'll ^ 4g II || 2 

~ II 7 ? IIl°°(r) £ ll a te*' U£ A|lL 2 ((o,r)xR) 

_ ||„,|| M/3^i , a4 .. II 2 

II 7 ? IIl°°(R) \\°tx XX u e,p\\ L 2((o,T)xI 


< Co\W\ 


We have that 

{h,e,p}e,p>o is bounded in ^((O,! 1 ) xt),T> 0 . 
Thanks to (12.31) , Lemmas 12.1112.21 and the Holder inequality, 

|| P 2 v"(u£,p)dxUe, 

0®txxx u e,p\\ii((o,T)xR) 


< P 2 \\rf'\ 


n \d x u £ ^df xxx u £ ^\dsdx 

[ 


~ II 7 ? IIl°°(R) £ II^' U ' £ ./ 3 IIl 2 (( 0 ,T)xR) \\dtxxx u £,p\\L 2 (( 0 ,T)> 


0 . 


„//1 


= r7 


£ 


c m £^IIl 2 ((0,T)xR) 11 ^txxx^£,P 11 L 2 ((0,T) xR) — II 7 ? 


Therefore, (12.151) follows from Lemmas 12.1112.31 and the L p compensated compactness of 


Arguing as [31 Theorem 2.1], we have (12.161) . □ 

Following m, we prove the following result. 

Lemma 2.5. Assume that (11.101) . (12.21) and (12.41) hold. Then for any compactly sup¬ 
ported entropy-entropy flux pair ( 77 , q), there exist two sequences {e n }neN) {AijreeN? with 
e n , fln —> 0 , and a limit function 

u € L°°((0, T); L 2 (M)), 

such that (12.151) holds and 

(2.18) u is the unique entropy solution of (11.61) . 

Proof. Let us consider a compactly supported entropy-entropy flux pair ( 77 , q). Multiply¬ 
ing ( 12 . 11 ) by r)'(u e> p), we have 

dpl(u £t p) + d x q(u £ ,p ) =erf {u £ fi)dl x u £fi + fl 2 r{ [u £ ^)d\ xxxx u £ ^ 

= -?! ,£,P + h ,£,13 + h,£,P + I±,£,Pl 
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where h,e,p, h,e,p, h,e,p, h,e,p are defined in (12.171) . 

As in Lemma [2.41 we obtain that I\, e ,p ~> 0 in H~ l {f 0, T)xM), {l 2 ,e,p}e,p>o is bounded 
in L 1 ((0,T) x R), Io,e,p ^ 0 in 1L _ 1 ((0, T) x R). 

Let us show that 

I±,e,p ~> 0 in L 1 ((0, T) x R), T > 0. 

Thanks to (12.41) , Lemmas 12.11 12.21 and the Holder inequality, 


|| P 2 v"(u Et p)d x u et P®txxx u e,P 11 £1 ((o,T) 


<p 2 h"' 


= v 


= V 


I L°°{ 


P 2 e ,,, 
— 11 $ 


p\ 


\d x u £ ^d txxx u £ ^\dsdx 

■ U e,P 11 L 2 ((0,T) xE) II ®txxx u e,P \ \ L 2 (( 0 ,T) xR) 
\\dx u e,p 11 L 2 ((0,T) xK) 11 ®txxx u £,P 11 L 2 ((0,T) > 


- Co \\v ||l°°(R) — -> °- 

Arguing as |3] Theorem 2.1], we have (|2.18[) . 

Proof of Theorem \2.1\ Theorem 12.11 follows from Lemmas 12.41 and 12.51 


□ 

□ 


3. The Rosenau equation: u 0 £ L 2 (R) n L 4 (R). 

In this section, we consider & and we assume ( 11 . 111 ) on the initial datum. 

We consider the approximate problem ( 12 . 11 ) . where u e> p t o is a C°° approximation of uo 
such that 

u E ,p,o ->■ u 0 in Lf oc (R), 1 < p < 2, as e, P -A 0, 

(3.1) ||' u £,^,o|Il4(r) T IKl,/3,o|Il2(R) T + £ ) ||^'U'£,/3,o|Il2(R) — Cq, £,P > 0, 

(P 2 + Pe 2 ) \\d 2 xx u £i p fi \\ 2 L2{VL) + pi \\dl xx u £AQ f L2m < Co, £,P> 0, 

and Co is a constant independent on e and p. 

The main result of this section is the following theorem. 

Theorem 3.1. Assume that (11.111) and (13.11) hold. Fix T > 0, if (12.31) holds, there exist 
two sequences {e n } nG pj, {/3„.} nG N, with £ n ,P n —>• 0, and a limit function 

u £ L°°((0,r);L 2 (R)nL 4 (R)), 

such that 

i) u £n: p n —>• u strongly in Lf oc (R + x R), for each 1 < p < 4, 
ii) u is the unique entropy solution of m- 

Let us prove some a priori estimates on u e $, denoting with Co the constants which 
depend only on the initial data. 

Lemma 3.1. Fix T > 0. Assume (12.31) holds. There exists Co > 0, independent on e, P 
such that (ESD holds. In particular, we have 

P \\d x u s ,p(t,-)\\ 

L 2 (R) + P 3 H^aLx^e, /3 (V)||l 2 (R) 

+ j Q \\dxx u e,p( s i ')||l 2 (M) 


(3.2) 


ds < Cq, 
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for every 0 < t < T. Moreover, 

3 

(3.3) II^' u '£./9|Il oo ((0,T)xR) — Co (3 4. 

Remark 3.1. Observe that the proof of Lemma \3.1\ is simpler than the one of Lemma 
\2.°A Indeed, we only need to prove dSH). 

Proof of Lemma Iff. 41 Let 0 <t <T. Multiplying (12.11) by —/3^d 2 x u £t p, we have 

(3.4) -fidl x u E: f i dtu £ fi-2^u £t pd x u £) pdl x u £t p-fidl xxxx u £t pdl x u e ^ = -^£{d 2 xx u £jP ) 2 . 


ft 2 j d X x u £,pdt u £ ,i3 u ' j ' — 2 ^ 


, _ P 2 a 
dx — \\L/ X 


: u e,p(t, ’) Hl 2 (R) 
2 


/* (3 ^ cl 

^ 2 J 2 || 0 ||x, 2 (R) ’ 

integrating (|3.4j) on R, we get 

31 (ft 2 \\d X U £ ,p(t, -)IIl 2 ( R ) +/ 5 2 ||d| xx U ei( 8 (t, •)|| i 2 ( R )i 

(3-5) , 2 1 f 

+ 2 P 2£ \\ d lx u £ A t i-)\\ L 2(R) = A P 2 / u e,pd X U £ ,pdl x U £t p 

J M. 

It follows from (12.101) and (13.51) that 

fff (4 || 9 x « £)( a(t,-)II l 2 (r) +/^ 2 ')|| L 2 ( K ^ 

_l_ 3 flic II/) 2 T .hi 2 <T IL, ,,ll 2 


3 i 

-p 2 £ || d xx U £j p(t, - )||l2 ( R ) < Cq£ 11,/311£oo(( 0 ,T)xR) II 9 x U e> p(t, -)IIl 2 (R) ' 


Integrating on (0, t), from (12.51) and (13.11) . we get 

/3 2 \\d x u £! p(t, •)|| 22 ( R ) + /3 2 \\d xxx u £} p(t, •)11x. 2 (r) 

%x u £,p( s i ')||i2( R ) ds 


(3.6) 


We prove (12.61) . 


+ \ pU 


f m 

J R 


rt 

— O) + Cq£ ll'We^llioo^Oj^xR) J \\dx u £,p( s i ') IIZ, 2 (]R) 

<C 0 (l + ||^e,/3|| i <x=((o,T)xR)) • 

Due to (12.51) . (13.61) and the Holder inequality, 

£,fS^fi^) —^ / u £ fid x u £ fidx f / 

4—oo 4 r 

— ll^e,^^) ')IIr II^e^e,/?^ ') 11 Z.(R) 


that is 


Arguing as Lemma 12.21 we have (12.61) 
(13.21) follows from (12.61) and (13.61) . 


— p i , 

I’ u £,/3|Il°°((0,T)xR) — (l + ||^£,/3 || L oo(( 0:T )xR)) ' 
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Finally, we prove (|3.3|) . Due to (|2.5p . (|3.2|) and the Holder inequality, 

{d x r u , £,p{t , i ^ 0 ) / d x Vj £ ^O xx u £ ^dy ^ 2 / d x u £ ^d xx u £ ^dx 

•7—00 t/R 

— ll^x'Me,/3(^ : ! ’) H/,2^) )|Il 2 (R) — G)/ 3 

Hence, 

\dxu s ,p\ < Co(3~i, 

which gives (13.31) . □ 

Following [4, Lemma 2.2], or J 8 , Lemma 4.2], we prove the following result. 

Lemma 3.2. Fix T > 0. Assume (12.31) holds. Then: 

i) the family {u £> p} £ ^p is bounded in L°°((0, T); L 4 (M)); 

m) f/ie families {£d x u £t p} £) p, {/ 32 £ 2 d xx u £} p} £ ,p are bounded in L°°((0, T); L 2 (R)); 
m) the families {/ 32 £ 2 d? x u £t p} £ ,p, {e*d t u £ ,p} £ ,p, {f 32 £ 2 d? xxx u £t p} £ ,p, 
{/3£2d$ xx u e> p} £t p, {s*u £ fid x u £i p} £i p are bounded in L 2 ((0,T) x R). 


riuuj. ijtit u 

Multiplying ([27 


(12JJ) by 


we have 


(3.7) 


4/3 - A P ed t XX u s,t 


b C 5 i 


? "F BsdtiL £ ^f^ Otu £ ^ 

. ^“4 ^ ^ 


(^£,(3 A P^^tXX^£^ ,, , 

"F ^ {^£,(3 A-(3Edtxx'U J £,l3 "t" BsdtU £j p) 'U'£,(3d X 'U>£,/3 
+ /3 2 (<4/3 - A P ed txx u s,(3 + BedtUefi) d\ xxxx u £t p 

„ - A RcrfP 1! n -L TRcrf).'II n\ FP 1! n 


We observe that 

/ (4/3 ~ A P ed txx u e,p 

Jr 


e (4/3 - A P ed t XX Ue,P + 


Bedtu^p) 

^xxTs,/3- 

+ Bed t u £) p) d t u £ fidx 


('4/3 - A P £d 'txx u e 


+ A P £ \\ d lu £ ,p(t,-)\\ 2 L2m 


~ 4 ") IU 4 (]R) 

e,/3 + Bed t u £j p) u £y pd x u £ fidx 


+ He ||0tii £j /}(t, Oilz. 2 (M) 


2 f (, 

— 2 A/3e / u £j pd x u £j pd^ xx u £ ^pdx 4- 2 Be / u £j pd x u £j pdfU £t pdx, 

Jr Jr 

P 2 / (4/3 - A PedtxxU £) i 3 + Bedtu^p) df xxxx u £ ,pdx 

J M 

= - 3 P 2 J^ u lp d xu £ ,pdf xxx u £t pdx + A^e \\df xxx u £y p(t, OH^jK) 
+ H/3 2 e ||^ cx 'u e , / 9(i, 011 x,a (R) , 

e / (4,/? - A P £ dt xx u £ ,p + Bed t u £j p ) d 2 xx u £ ,pdx 

Jr 

~ ~ 3e ||u £)i a(t, -)d x u £ fi(t, •)|| i 2 ( R ) 2 fff -)|Il2(r) 

He 2 d . l2 

-||^U £i/J (t,-)|| i 2 (R) • 


2 dt 
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p , \\d x Ue t p(t, ') II z, 2 (M) + 2 \\^xx u e,p{t, -)||i 2 (]R)^ 

2 


(3.8) 


An integration of (13.71) on R gives 

+ A/3e ||9 tl .'u ei( g(t, -)||^ 2 ^'j + Be \\dtu e ^{t : -)||^ 2 ^ 

A P 3 £ Wdtxxx^Ati OllLfR) + B ^ e \\ d txxU £ ,p{t, .)||^ m 

|| u e,p{t, ■) d x u £> p(t, -)|| L 2 c^i 

= 2 A/3e [ 

Jr 

+ 3/3 / u £ od x u £ ^pd ixxx u £) pdx 

J R 

the Young inequality, 


+ ■ 

+ 3e || u £j p(t, -)d x u £t fj(t, ■)||£ 2 (r) 

u e ,pd x u £ ^df xx u £j pdx - 2 Be / u £t pd x u £} pd t u £ ^dx 

Jr 

- / o4 

:,/3 c 


Due to 


2Aj3e / \u £ ^d x u £ ^\\df xx u £ ^\dx = e / 
J R J R 

q /l2^ 


AAu £t fjd x u £t fj 


VB 


'^Bl 3d txx u e,l3 


dx 


< 


8A 2 £ 2 B{3 2 £ I, O ,|2 

£> \\ u e,p{t, JdxUefiyt, ■)IIl 2 (E) J 9 || Utxx u e,p\Ji ') || Z . 2 (IR) ’ 


2Be / |u £i/ j5 x it e ^||5t?x e ^|dx = £ / K i/3 <9 x u e)/3 | |2S9 t w e)J g| dx 

Jr Jr 

' 2 


A 2 \\ u £,p(ji ')d x u £i p(t 7 •) 11 II 2 (k.) II dtu £t p(t, ■) 11Z/ 2 (K) ■ 


z 

Therefore, from (13.81) we gain 

Be ". . . + ^ £ IIC<‘„Mv)|| 2 2(r) ' 


IIl 4 (r) + 9 \\d x u £ ^(t,-)\\ L 2^ , 2 


dt (4 ^ Ue,/9 ^’ ‘)Hi 4 (K) 

A^£||a t 2 x U £i /3(f,-)||i2 (R) +^(l-2B) ||9tU e)( g(t, ’)llZ/2 (R) 

t-» r>0 

A/3 e || d-/- xxx u £ ,p(t, ■)|| 22 /r) 


+ . 
+ - 
+ £ 


2 . B/3 2 £ ,, 3 

II o txx u £t p[t,- 


(3-9) 

^ 5 8A 2 \ 

9 J \\ u e,p{t-> ‘)<J X U £ ,p{t , -)||£2( R ) 

<3/3 2 [ u 2 t p\d x u £ ,p\\d? xxx u £} p\dx. 

Jr 

From (im we have 

(3.10) (3 < D 2 e 4 , 

where D is a positive constant which will be specified later. Due to (12.61) . (13.101) and the 
Young inequality, 


3P 2 [ u 2 e,p\d x u £ ,p\\d? xxx u £t p\dx = [ 

«/R «/R 

3/32ul t pd x u £) p 

/3 2 £ 2 y/~Adf xxx u £: p 

£*VA 

/ 9/3 f 4 , a , A/3 

|| *Jt.xxx u e,p{t, ) 11 z, 2 ( R ) 

9/3 2 2 

— 2 e ^4 L°°((0,T)xR) )<JxUe,p{t, ) | L 2 ( R ) 

+ 2 IKxx^,/3(a)|| L 2 (r) 




dx 
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A 


^4 \\ u e,p{ti 0IIl 4 (r) + 


Then, (13.91) gives 

d_ (1 
dt 

(3.11) 


2 B 
We search A, B such that 


Bs^ ^ , ,.|2 A(3e || 2 /, xm2 

£,/nV)|| x,2(R) H 




+ A fie ||5 tx u e)j g(t, 0 ||l2qr) + (1 2B) \\dtu £: / 3 (t, -)|| ^ 2 ^ 


A/3 3 £ „ 4 

T q || Otxxx^'ZiPv'i 


B/3 2 e 


Il 2 (r) + 2 




, 5 8A 2 


^ || u e,/3(t> ')dxU £ ,p{t, 0 IIl2(J{) < 0 . 


1 - 2B > 0, 

5 8A 2 C 0 £> 

2 ~~ 1 ? OT 


> 0 , 


that is 
(3.12) 


B<\, 

16A 3 - 5 BA + 2C 0 BD < 0. 


We choose 
(3.13) 

Therefore, the second equation of (|3.12l) reads 


B = -. 
3 


16 A 3 — —A + —CqD < 0, 

that is 

(3.14) 48A 3 - 5A + 2C 0 D < 0. 

Let us consider the following function 

(3.15) g(X) = 48X 3 - 5X + 2 C 0 D 
We observe that 

(3.16) lim g(X) = — 00 , <?(0) = 2CqD > 0, lim g(X) = 00 . 

£—>•—00 x — yoo 

Since g'{X) = 144X 2 — 5, we find that 


(3.17) 

Therefore, 

(3.18) g 
Since we want that 

(3.19) 


g is increasing m — 00 , 


V5\ (y/E 

— and m —,00 


V5 

12 


= 16 


'y/EY 5\/5 


12 


12 


+ 2CqD. 


OfH 
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5\/5 


we choose 

< 3 - 20) ° < 27CV 

It follows from (13.161) , (13.171) . ([3.181) , (13.191) , and (13.201) that the function g has three 

: A 3 . 


A 1 < 0 < A 2 < A 3 


U -fi -2 ' ^3- 

Therefore, (13.141) is verified when 


(3.21) 


A 2 < A < A 3 . 


From (13.111) . (13.131) . and (13.211) 
d f 1 

\\ u e,p(t, ')Hl 4 (R) + "g" II 9 x U e> p(t, •)IIl2( R ) 


we have 

e 2 „„ x„2 . A/ 3 e ,, 2 . .,,2 

+ 2 Y\®xx u e,p{ti ')|| l 2 ( R ) 


dt\ 4 - o - z 

A/ 3 e || d tx u £ ,p(t, -)|| L 2( R ) + g || dtu £ ,p(t, •) IIz, 2 (ir) 

A/ 3 3 £ ||^j 4 ^ 112 | £ || ^3 ^ 

2 \\&txxx u e,PV'i 'J||z 2(K) ^ g - \\°txx u e,PV'i ') 11 Z, 2 (K) 
KtF lll/._ o(t. -IcL?/.- o(t - 111 ?- < 0, 


+ . 
+ 


+ K\£ II ■)d x U £) g{t, •)llz 2 (R) 

where K\ is a positive constant. 

An integration on (0, t) and (13.11) give 


1 4 

4 \\ u e,p(t’ ■)llz,4(MJ + "g 


+ 

+ 


g \\9 x Ue t p(t, •) 11 z ,2 (]R) + 2 ^®xx u e,p(t, ')||z 2 (R) 

•t 2 c 2 

ds 4 ~ — I W&t'U’E.flisi *)ll r 2 /iD>, ds 


Hence, 


A( 3 £ I \\®tx U !:,p(. s i ■) 11 z, 2 (M) + g W^tU£,p{s, ■) llz/ 2 (]R) 

J 0 \\ d txxx u eA S ’-)\\ 2 L 2 (W) ds+ ^ J 0 \\®txx u eA S ’-)\\ 

A\£ J ||'W£,^(s, -)d x U e At, ') ||z 2 (R) ds — Go- 


\\ u £,p{ti ■) II Z/ 4 (R) — Go) 
£ \\d x U£,p(t, •) ||Z/ 2 (R) — Goi 

\\ d Lus,p(t,-)\\ L 2 m <Go, 

rt ^ 

/te J o \\d? x UeA s i Ollla^jds <C 0 , 
£ J \\dtu £! p(s, •)||2 2 ( R ) ds <Go, 
(3 £ I ||^ rrrrrr 'U e : 5 ^(s, •) 11^ 2 (K.) ^ —C'O') 

rt ^ 

A £ J \\ d txxUeA s r)\\l 2 {w) d s -Go, 

£ J ll'^/K 5 ) m )d x u £t p(t, ■) IIl 2 (r) —Go, 

for every 0 < t < T. 

We are ready for the proof of Theorem 13.11 
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Proof of Theorem (EH). Let us consider a compactly supported entropy-entropy flux pair 
( 7 ?, q). Multiplying (12.11) by rj'(u £t p), we have 

dtv(u £}0 ) + d x q(u £ ,p) =er\ {u £ fi)dl x u E fi + firf (u £ ,p)d\ xxxx u e ,p 
= h.e,p + h,£,/3 + h,£,p + h ,e,/3) 

where h, £ ,p, h,e,p, h,e,p, h,e,p are defined in (12.171) . 

Fix T > 0. Arguing as [6], Lemma 3.2], we have that I\, e ,p —> 0 in iL _1 ((0, T) x M), 
and {l 2 ,e,p}e,p>o is bounded in L 1 ((0,T) x R). 

We claim that 

h,e,p 0 in iL“ 1 ((0, T) x R), T > 0, as e —>• 0. 

By (12.31) and Lemma [3721 

||/3 V L 2 ((0,T)xR) 

<T 11 ^ 11 II 11 ^ 

— P WV |Il°°(R) || a txxx w e>/3||£2(( 0 ,T)xR) 

/S 4 e 


= V 


£ 


| °txxx u e,P 11 L 2 ((0,T) xl 


-It'll PP' £ Mr) 4 II 2 

II 7 ? llz,°°(R) £ ||°rxxx n £,/3||L2(( 0 ,T)x 


d+„„„U r _f- j|| rOUn ^ Cq \\t] II foo m\ t 0. 


Let us show that 

I±,e,P —>• 0 in L 1 ((0,T) x R), T > 0. 
Thanks to (12.31) . Lemmas 12.1113.21 and the Holder inequality, 

\\P 2 v"(‘ u £ ,p)d x u £j P^txxx u £,P 11 £i ((0,T) xR) 


< / 3 2 U\ 


n \d x u £t pdf xxx u £j p\dsdx 
: 


f3 2 e 


— II 7 ? IL°°(R) £ II^' U ^aIIl2((o i T)xR) ll^txxx^e^ll^^o^). 


// 


= II 7 ? ML' 

// 


IL°°(R) p II^ 7/ '£./3|Il 2 ((0,T)xR) || ^txxx u £,fi 11L 2 ((0,T)> 


— II 7 ? IIl^^' e —0. 


Arguing as [31 Theorem 2.1], the proof is concluded. 


□ 


Appendix A. The Korteweg-de Vries equation: the first case 
In this appendix, we consider the Korteweg-de Vries equation 
(A.l) dtu + ud x u +/3d xxx u = 0. 

We augment (IA.1I) with the initial condition 

(A.2) «(0,ai) = u 0 (x), 

on which we assume that 

(A.3) uq G L 2 (R), — oo < / u 3 (x)dx < oo. 

Jr 

Observe that if /3 —>• 0, we have (USD. 
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We study the dispersion-diffusion limit for (jA.lj) . Therefore, we fix two small numbers 
e, (3 and consider the following third order approximation 

idtUe,p + u ei /3d x u et 0 +Pd% xx u £t p = sd% x u ei p, t> 0 , i£l, 

= u £j p fi (x), x € R, 

where u £j p t o is a C°° approximation of uo such that 

u £ , p, o —>• uq in £f oc (R), 1 < p < 2 , as e, (3 ->■ 0 , 

^ 5) H' u ^/ 3 ,oIIl 2 (r) + ft \\dx u £,p,o\\L2(m) — G); £;/? > 0, 

— oo < / u^j 3 0 (x)dx<oo, e,/3>0, 

Jr 

and Co is a constant independent on e and f3. 

The main result of this section is the following theorem. 

Theorem A.l. Assume that ()A.3D and (1A.5I) hold. Fix T > 0, if 

(A. 6 ) [3 = 0 (e 3 ) , 

then, there exist two sequences {£ n }neN> {/3n}neN ; with £ n ,/3 n —> 0, and a limit function 

u € L°°((0, T); L 2 (M)), 

such that 

i) u Ent p n —>• u strongly in L p loc { R + x R), for each 1 < p < 2, 
ii) u a distributional solution of m- 
Moreover, if 

(A.7) [3 = 0 (e 3 ) , 

in) u is the unique entropy solution of (ESI). 

Let us prove some a priori estimates on u Et p, denoting with Co the constants which 
depend only on the initial data. 

Arguing as |2TJ, we have 

(A. 8 ) " N " 2 


\ u e,p{t, •) 11 x, 2 (M) / \\dx u e,0(s, ') 11 z,2 (]R) — G)j 


for every t > 0. 


Lemma A.l. Fix T > 0. Assume that (IA.6D holds. There exists Co > 0, independent on 
e, (3 such that 


(A.9) 

Moreover, 


WA 


L°°((0,T)xI 


<CoA 


(A.10) fit || d x u et p(t, OII^R) + \\ d lx u eA S i dS ~ C °' 


Proof. Let 0 < t < T. Multiplying (1A.4|) by — u 2 £ ^ — 2 /3d xx u Ej p, we have 

(~ U £,0 ~ ^lJ^XX U £,p) ^t U £,0 + (~ U £,0 — t 2‘fJdxX U E,p) U £,0^X U £,0 

A ft ( ^£,0 2/3S a , a ,'U £i( ( 3 ) d xxx U e> 0 £ ( ^£,0 ^(J^xx^StP) ^xx^£,0 m 


(A.ll) 


Since 
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/ 
J R 


— 3 dt J R U £’Pd x @dt ')IIl 2 (R) ’ 


ndx 



\\9 x U £t p(t, •) || • 


( U £,0 Ue,pd X U £} pdx 

= 2/3 j u £t pd x u £t pd xx u £ ^pdx, 

JR 

0 / ( ^£,/3 ftdxx'U’Ctp) ^xxx^s,^ 

Jr 

= 2/3 / u £t pd x u £t pdl x u £j/3 dx, 

JR 

{~ U £,/J ~~ 2 /3d xx u £ ,p) d xx u £ ,pdx 

- J u e,p{dx u £,()Ydx — 2/3e ||3 xa ,tt £> ^(/:, ■) 11Z/ 2 (M) 

integrating (1A.11D on M, we get 

^ 3 ^ \\dxUe,0{t, 0II L 2 (R ) 

= 2 £ J u £ p{d x u £ ^p) dx < 2e IlLt^^ll^oo^Q 

(1A.5I) . (IA.8j) and an integration on (0, t) give 

j/^ + ,||^(V)|| i 2 (R)+ 2, £ / ||9 a , a ,n £ii g(s, •)|| i 2( R ) 1 

< C*0 + 2e ||^e,/3|lioo(( 0 ,T)xR) II 9 x U £t p(s, OilL 2 (R) 

< Co + Co ||ix £ , 1 a|| L c»((o !T )xR) ■ 

Again by (1A.8[) . we have 

/3 || d x u £) p(t, OH+ 2/3e J \\d xx u £ ^p(s, 0||^ 2 ( R ) ds 

^ ^ — Co + Co II u £,/3|Iloo(( 0 ,t)xR) + g J^ u e,0dx 

1 2 

< Co + Co II' u £,^IIl°°((0,T)xR) “I" 3 11 ^ £ iiS 11 L°° ((0,T) xR) ll u £,^(^ ')IIl 2 ( R ) 
— Co (l + II' u e„sIIi / °°((o,T)xR)) • 

Due to (IA.8D . (IA.12I) and the Holder inequality, 

m £,/ 3 ( 0^)=2 / u £ ,pd x u £ ,pdy< / \u £ ^\\d x u £ ^\dx 

J—o o JM. 

— \\ u £,0{tj Oil l 2 ( R ) \\d x U £} p{t, OH£ 2 ( R ) 


1 

3 


, ds 


that is 


— \j (•*■ + H tt £^llL°°((0,T)xR)) 

||«£,/3llioo(( 0i T)xR) — ~p (-*■ + 11 ^Si/311 L°° ((0,T) xR)) ■ 
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Arguing as [ 6 l Lemma 2.5], we have (1A.9D . 

Finally, (1A.10I) follows from (1A.9I) and (1A.12I) . □ 

We begin by proving the following result. 

Lemma A.2. Assume that (IA.3I) . (IA.5D . and (1A.6I) hold. Then, for any compactly sup¬ 
ported entropy-entropy flux pair ( 77 , q), there exist two sequences {e n }neNi {AijneN; with 
£ n , fl n —> 0 , and a limit function 

u € L°°((0, T); L 2 (M)), 

such that (12.151) holds and 

(A. 13) u is a distributional solution of (11.61) . 


Proof. Let us consider a compactly supported entropy-entropy flux pair (77, q ). Multiply¬ 
ing (IA.4D by iq'(u £ fi), we have 

dfn{u E fi) + d x q{u £}0 ) =£ 77 ' {u £ ^)d 2 xx u e fi + flrf {u £ ^ xxx u £ ^ 

= h,e,/3 + 12 , e, /a + h,e,/3 + h,e,/3, 

where 

Ii.e,p = 9 x (£V {u £ ^ 0 )d x u £ ^ 0 ), 

-^2,e,/ 3 = —£i~i (u £j0 ){d x u £t0 ) , 

h,e,p = d x {M{u £ ^)d 2 xx u £)P ), 

I 4 ,e,/ 3 fiv {' / J’£,ls)9 x U £ ^0 xx U £ ^. 

Fix T > 0. Arguing as [6j Lemma 3.2], we have that I\. £j0 0 in iL _1 ((0, T) x ’ 

{h,E,p}e^>o is bounded in /^((CfT) x R). 

We claim that 

h, £ ,/3 0 in iL~ 1 ((0,T) x M), T > 0, as e —>• 0. 

By (IA.6I) and Lemma fA.il 

\\flh ( u e,h)^lx u £,h\\L^((Q,T)xR) 

rf2i 11 / 11 II o2 11 ^ 

— P Wh IIl°°(R) \\°xx u £,P\\l,Z((0,T)x'S.) 


= \\ r l\\ L o 

= \W\\ L ° 

Let us show that 


II 2 

£ H < 7 ^' Ue -^llL 2 (( 0 ,T)xR) 

/3 3 f £ 11 a 2 112 

\\ O xx u E,h\\L 2 {(0,T)^l 


<C 0 \\rf\ 


0 . 


{I 4 ,e,p} is bounded in L 1 ((0,T) x R), T > 0. 
Thanks to (1A.61) . (IA. 8 [) . Lemma fA.il and the Holder inequality, 

{ u e,p )d x u £ fid xx u £t p 11 Ll xR j 

/3 11^11^00(8) / / I d x u £ ,p 8 % x u ei p\dsdx 

JO J M 


< 


— lk1L<»(R) F II^ M £>/3IIl 2 ((0,T)xR) \\^xx u e,h\\L 2 ((0,T)> 


and 
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Arguing as in (21] . we have ()A.13D . □ 

Lemma A.3. Assume (I A.. 'ill . (IA.5D . and (IA. 6 D hold. Then, for any compactly sup¬ 
ported entropy-entropy flux pair ( 77 , q), there exist two sequences {e n }neN) {/?n}neN; with 
e n , fin —> 0 , and a limit function 

u € L°°((0, T); I/ 2 (]R)), 

such that ()2.15p and (12.1811 hold. 

Proof. Let us consider a compactly supported entropy-entropy flux pair (r],q). Multiply¬ 
ing (|A.4D by 'if (u e fi), we have 

dfn(u e ,p) + d x q(u £t p) =er!(u efi )d 2 xx u £ fi + fir)'(u £ ,p)dl xx u £i p 
= I\ ,e,P + I 2 ,e,P + 4 3, e, 0 + 4 4 ,e,Pt 

where h, e ,p, h,e,p, h,e,p, h,e,p are defined in (1A.14D . 

As in Lemma EH we have that h, e ,p, h,e,p 0 in H 1 ((0,T) x R), {h,E,p}e,p>o is 
bounded in L 1 ((0,T) x R), while I±,e,p —>• 0 in L 1 ((0, T) x R). 

Arguing as in (14] . we have (|2.18l) . □ 

Proof of Theorem \A.1\ Theorem IA.1I follows from Lemmas IA.2I and IA.3I □ 


Appendix B. The Korteweg-de Vries equation: the second case. 

In this appendix, we argument (I A. 1 1) with the following initial datum 
(B.l) u 0 € L 2 (R). 

We consider the approximation (I A. 41) . where u £j p is a C°° of uq such that 
u £ ,p,o —> uq in Lf oc (R),l<p< 2 , as e, /3 —> 0, 

(B.2) 2 i 2 

||' u £,/3,o||^2(-]g^ + ft 2 ||S E ‘We,/3,011^,2^ A Co, £, fi > 0, 

and Co is a constant independent on e and ft. 

The main result of this section is the following theorem. 

Theorem B.l. Assume that (IB.ID and (IB. 2D hold. FixT > 0 ; if (12. 3D holds, then, there 
exist two sequences {e n } nG pj, {/3n}neN; with £n, fin —>• 0, and a limit function 

u € L°°((0, T); L 2 (R)), 

such that 

i) u £nt p n —>• u strongly in L^ oc (R+ x R), for each 1 < p < 2, 
ii) u is the unique entropy solution of CLSD- 

Let us prove some a priori estimates on u e p, denoting with Co the constants which 
depend only on the initial data 


Lemma B.l. Fix T > 0. Assume that (12.3D holds. There exists Co > 0, independent on 
e, fi such that m holds. Moreover, 

( B -3) fi\\d x u £y p(t,-)\\ 2 L2m + ^ < Co- 

Proof. Let 0 < t < T. Multiplying (IA.4D by —fi? d xx u £} p, an integration on R gives 

id i if 

( B - 4 ) fi^j t \\d x u £ ,p(t,-)\\ 2 L2(m +2fih\\dl x u £j p(t,-)\\l L = 2/35 / u Ei pd x u E} pd 2 xx u £t pdx. 
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Due to (12.311 and the Young inequality, 

2/?^ [ \u et pd x u et p\\d% x u e) p\dx = 2/33 f u e£ d * u *>P 
J M J ]R 

(B-5) < ^ f ul^j) 

E Jr 


i 

£2 


^ 2 ^Xx'U'SiP 


dx 


2 dx + ^\\dl x u eiP {t,-)\\ 2 L2{m 


— Co E ll 7/ £,/3llz / oo((0 i T)xK) \\dxU£,p(t, •)IIl 2 (R) + 2 \\dxx u e,p(t’ ')||l 2 (k) 

It follows from (IB. 41) and (IB. 51) that 

^ 2 ~dt ^ xUe ’P^' •)II L 2 (r) H — || d xx u e ,p(t, ')||i2( R ) 

<CoE 11 "W-e,/? 11 Z/°° (( 0 ,CT) xl) II dxU s ,p(t, -)IIl2( R ) • 

Integrating on (0,t), from (IA. 8 D and (IB. 2D . we have 

M ||5*« e ^(i,-)||^2 ( R ) + ~^~ J Q II d lx u sA s r)\\^ds 

n ^ 

^ ^ — Co + Co£ II' u '£,/5||£oo((o,T)xR) J \\^x u £,p{t: 

<Co ^1 + II w £,^IIloo(( 0i T)xR)) • 

Arguing as Lemma 12.21 we have (12.61) . 

(IB. 3D follows from (12. 6 D and (IB. 6 D . 

We are ready for the proof of Theorem IB.11 


ds 


□ 


Proof of Theorem IB. II Let us consider a compactly supported entropy-entropy flux pair 
(■ rj,q ). Multiplying (IA.4D by r/(u £t p), we have 

d t v(ue,p) + d x q{u £tj3 ) =er{ (u e fi)(% x u e fi + firf {u £ fi)d%. xx u e fi 
=h,£,p + h,e,p + h,e,p + h ,£,p, 

where I\, e ,p, h,e,p, h, E ,p, h,e,p are defined in (IA.14D . 

As in Lemma EH we have that h, e ,p, h, £ ,p 0 in H 1 ((0,T) x R), {h, E ,p}e,p> o is 

bounded in L 1 ((0,T) x R). 

We claim that 

h,£,p 0 in H“ 1 ((0,T) x R), T > 0, as £ —>• 0. 

By (12.3D and (IB.3D . 

||/ 3 ?/ (u e fi)d xx u e £ ||^ 2 (( 0iT ) xR ) 

^ n2 11 /11 || o2 11 ^ 

- P \\d IIl°°(R) \\°^x u £,h\\ L 2 ((0 ,T)xR) 


= II 7 ? IIl« 

<C 0 \W\ 


PffLwtf ip 

11 Ya;^£,011L 2 ((0,T) xl 


Let us show that 


I a, £, ft 0 in L 1 ((0,T) x R), T > 0. 
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Thanks to (12.31) . (1A.8D . (IB. 31) . and the Holder inequality, 

Wpv (Ue,p)dxU e ,pd xx U ei p\\ Ll ^ T j x ^ 


<p\W‘ 

= IK" 

<c 0 |KV 


I d x u ej pdl x u £: p\dsdx 


I L°°( 

//II 


P*P*e 

— I|c 

e —> 0. 


c u e>^llz, 2 ((0,T)xK) ll^ n£ >^llL 2 ((0,T)> 


Arguing as in EH the proof is concluded. 


□ 


References 

[1] M. Antonova and A. Biswas. Adiabatic parameter dynamics of perturbed solitary waves. Communications 
in Nonlinear Science and Numerical Simulation, 14:734-748, 2009. 

[2] A. Biswas, H. Triki and M. Labidi. Bright and dark solitons of the Rosenau-Kawahara equation with power 
law nonlinearity. Physics of Wave Phenomena , 19:24-29, 2011. 

[3] G. M. Coclite AND L. Di Ruvo. A singular limit problem for the Rosenau-Korteweg-de Vries regularized long 
wave and Rosenau Korteweg-de Vries equation. Submitted. 

[4] G. M. Coclite and L. di Ruvo. A singular limit problem for conservation laws realted to the Kudryashov- 
Sinelshchikov equation. Submitted. 

[5] G. M. Coclite and L. di Ruvo. Convergence of the regularized short pulse equation to the short pulse one. 
Submitted. 

[6] G. M. Coclite and L. di Ruvo. Convergence of the Ostrovsky Equation to the Ostrovsky-Hunter One. J. 
Differential Equations , 256:3245-3277, 2014. 

[7] G. M. Coclite, L. di Ruvo, J. Ernest, and S. Mishra. Convergence of vanishing capillarity approximations 
for scalar conservation laws with discontinuous fluxes. Netw. Heterog. Media , 8(4):969-984, 2013. 

[8] G. M. Coclite and K. H. Karlsen. A singular limit problem for conservation laws related to the Camassa- 
Holm shallow water equation. Comm. Partial Differential Equations , 31:1253-1272, 2006. 

[9] A. Corli, C. Rohde, and V. Schleper. Parabolic approximations of diffusive-dispersive equations. J. Math. 
Anal. Appl. 414:773-798, 2014. 

[10] A. Esfahani. Solitary wave solutions for generalized Rosenau-KdV equation. Communications in Theoretical 
Physics , 55(3):396-398, 2011. 

[11] G. Ebadi, A. Mojaver, H. Triki, A. Yildirim, and A. Biswas. Topological solitons and other solutions of 
the Rosenau-KdV equation with power law nonlinearity. Romanian J. of Physics , 58:3-14, 2013. 

[12] J. Hu, Y. Xu, AND B. Hu. Conservative Linear Difference Scheme for Rosenau-KdV Equation. Adv. Math. 
Phys ., 423718, 2013. 

[13] M. Labidi and A. Biswas. Application of He’s principles to Rosenau-Kawahara equation. Mathematics in 
Engineering, Science and Aerospace, 2:183-197, 2011. 

[14] P. G. LeFloch and R. Natalini. Conservation laws with vanishing nonlinear diffusion and dispersion. Non¬ 
linear Anal. 36, no. 2, Ser. A: Theory Methods, 212-230, 1992 

[15] F. Murat. L’injection du cone positif de H~ 1 dans W~ 1,q est compacte pour tout q < 2. J. Math. Pures 
Appl. (9), 60(3):309-322, 1981. 

[16] M. A. Park. On the Rosenau equation. Matematica Aplicada e Computacional, 9(2):145-152, 1990. 

[17] P. Razborova, B. Ahmed, and A. Biswas. Solitons, shock waves and conservation laws of Rosenau-KdV-RLW 
equation with power law nonlinearity Appl. Math. Inform. Sci., 8:485-491, 2014. 

[18] P. Razborova, H. Triki, and A. Biswas. Perturbation of dispersive shallow water waves. Ocean Engineering, 
63:1-7, 2013. 

[19] P. Rosenau. A quasi-continuous description of a nonlinear transmission line. Physica Scripta, 34:827-829, 1986. 

[20] P. Rosenau. Dynamics of dense discrete systems. Progress of Theoretical Physics, 79:1028-1042, 1988. 

[21] M. E. Schonbek. Convergence of solutions to nonlinear dispersive equations Comm. Partial Differential Equa¬ 
tions, 7(8):959-1000, 1982. 

[22] M. Zheng and J. Zhou. An average linear difference scheme for the generalized Rosenau-KdV Equation. J. 
of Appl. Math, vol.2014, pages 9, 2014. 

[23] J. M. Zuo. Solitons and periodic solutions for the Rosenau-KdV and Rosenau-Kawahara equations. Applied 
Mathematics and Computation, 215(2):835-840, 2009. 

[24] J.M. Zuo, Y.M. Zhang, T.D. Zhang and F. Chang. A new conservative difference scheme for the generalized 
Rosenau-RLW equation. Boundary Value Problems, 516260, 2010. 





22 


G. M. COCLITE AND L. DI RUVO 


(Giuseppe Maria Coclite and Lorenzo di Ruvo) 

Department of Mathematics, University of Bari, via E. Orabona 4, 70125 Bari, Italy 
E-mail address : giuseppemaria.coclite@uniba.it, lorenzo.diruvo@uniba.it 
URL : http://www.dm.uniba.it/Members/coclitegm/ 



